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Fast Fourier Transform (FFT)
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WAVEFORM DEFINED
FROM —® TO +=

FOURIER TRANSFORM

Synthesize a summation of sinusoids
which add to give the waveform
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Construct a diagram which
displays amplitude and
frequency of each sinusoid

Fourier Transform
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5 x4(k) = Xtad X(n)
0 %4(0000) —————————————— e X(0000)
1 x4(0001) X(0001)
2 %4(0010) X(0010)
3 x4(0011) X(0011)
4 x4(0100) X(0100)
5 x4(0101) X(0101)
6 x,4(0110) X(0110)
7 x4(0111) X(0111)
8 x4(1000) X(1000)
9 x4(1001) X(1001)
10 x4(1010) X(1010)
¥ x4(1011) X(1011)
12 x4(1100) X(1100)
13 x4(1101) X(1101)
14 x4(1110) X(1110)
15 x4(1111) o e X(1111)
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| i = IBR(k)

T3 = x(k)
x(k) = x(i)
x(i) = T3

INPUT
M, NU

|

INITIAL
=1
IBR=0

START

|

L_ INPUT DATA

Data: x(k), k = 0, 1,...,N-11
N=27 ~an integer,
NU =7

|

INITIALIZATION

U9

On—iblog-g5

M = Integer value of (k/2NU1)
P = IBR(M)

T1 = WP x(k + N2)
x(k + N2) = x(k) - T1
x(k) = x(k) + T1

|

-1 [©

k=k+1 @

NU1 = NU1 -1

©
I=1+1

N2 = N2/2

k=0

@ YES

RETURN

NO YES 5 1S
k =k +N2 K<N-1
J2 = M/2
IBR = 2°1BR + (M—2:J2) T=T11+1
M=J2

FFET (g5 5elS aali s ool 50 :(5-%) [

1

NO
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Losie Gaen &5 0w U oS 0 S LY Goslad Gamr (G Sl il Kl
—anz 3 S pl S e e AT il e 0 1 ale s e ST L diledd b
58 o pIV B Y gl

g 03,5 wsSae mb osbss bl Cond 16 S o o sSn K sla oy T nr
oS oo o3lizul (15 IBR(M))

ot S p2ss X(1) L L X(K) A0 (seslad gamar Sl eslinad LFFT 058 (5 e 6
Sl K ssboe b 28 1 48 oS st ol 0 3Y OV ganr Gb o 23V 10 gm0 3505
bl (55 sl odd 5 je sl S (Se)liss eotd 548 el 8l 5 e b

Goslod Ganx 5 LS o Ol 1y ok 550 glao 348 ol b yd la VP (go)led (gamnr
(1, IBR(M) @U)\,u%og;w}&@kﬁ\Ade)wéw.@\kdlﬁox)w&iw
Ll 0315 S 5

S 9 ISl sba0L) b 5 FFT (g 5 gl asls . -F-)

eod ol By 3 s AS e Ol | FFT &)ﬁ\S(f—\‘)L}ﬁQ)@pMéuuﬁ
—asb b b oedil gt a5 el ol Sl g5k 4L stis Wl oS g w0 sl !

.ijfL;a
10000 REM: FFT SUBROUTINE- THE CALLING PROGRAM SHOULD
10002 REM: DIMENSION XREAL(1%Z) AND XIMAG(I1%Z).
10004 REM: NZ AND NU%Z MUST BE INITIALIZED.

10010 N2%Z = N%Z/2

10020 NU1%Z = NUZ - 1

10030 KZ = 0

10040 FOR L%Z = 1 TO NU%Z STEP 1

FFT S a5 :(v-¥) <
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10050
10060
10070
10080
10090
10100
10110
10120
10130
10140
10150
10160
10170
10180
10190
10200
10210
10220
10230
10240
10250
10260
10270
10280
10290
10300
10310
10320
10330
10340
10350
10360
10370
10380
10390
10400
10410
10420
10430
10440
10450
10460
10470
10480
10490
10500

O ¢/

On—iblog-g5

FOR 1Z = 1 TO N2% STEP 1
JZ = KZ\2”NU1%
GOSUB 10410
ARG = 6.283185# * IBITR%/NZ
C = COS(ARG)
S = SIN(ARG)
K1%Z = KZ + 1
KI1N2%Z = K1%Z + N2%
TREAL = XREAL(K1N2%Z) * C + XIMAG(K1N2%)*S
TIMAG = XIMAG(K1N2%) * C - XREAL(K1N2%Z) * S
XREAL (K1N2%) = XREAL(K1%) - TREAL
XIMAG(K1N2%) = XIMAG(K1%) - TIMAG
XREAL (K1%Z) = XREAL(K1%) + TREAL
XIMAG(K1%Z) = XIMAG(K1Z) + TIMAG
KZ = KZ + 1
NEXT 1%
KZ = KZ + N2%
IF KZ<N% GOTO 10050
KZ = 0
NU1%Z = NU1%Z -1
N2%Z = N2% / 2
NEXT L%
FOR KZ = 1 TO N%Z STEP 1
JZ = K% - 1
GOSUB 10410
1Z= IBITRZ + 1
IF(1%Z<=K%) GOTO 10380
TREAL = XREAL (K%)
TIMAG = XIMAG(KZ%)
XREAL (KZ) = XREAL(1%)
XIMAG(KZ) = XIMAG(I1%)
XREAL(1%) = TREAL
XIMAG(1%Z) = TIMAG
NEXT K%
RETURN
END
REM: BIT REVERSAL SUB-ROUT INE
J1Z = J%
IBITRZ = 0
FOR 11%Z = 1 TO NU%Z STEP 1

J2%Z = J13\2
IBITRZ = IBITRZ*2 + (J1% - 2%J2%)
J1Z = J2%

NEXT 11%

RETURN

END

S IS aalsl :(A-F) Ja
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sl sl 3l OLES (P-F) s ol 5l gl IS saal , (A-F) 1SS s

TYPE REALARRAY=ARRAY[O0..31] OF REAL;

FUNCTION IBITR (J,NU:INTEGER): INTEGER:
VAR I,J1,J2 ,K: INTEGER ;
BEGIN
J1 = J;
K :=0;
FOR I := 1 TO NU DO
BEGIN
J2 := J1 DIV 2;
K = K¥2+(J1-2%J2) ;
J1 = J2
END;
IBITR := K
END; (IBITR)

PROCEDURE FFT (VAR XREAL,XIMAG: REALARRAY: N, NU:
VAR N2,NU1,Il,L,K,M: INTEGER;
TREAL ,TIMAG,P,ARG,C,S: REAL;
LABEL LBL;
BEGIN
N2 := N DIV 2;
NU1 := NU-1;
K := 0;
FOR L := 1 TO NU DO
BEGIN
LBL:
FOR | := 1 TO N2 DO
BEGIN

M
P

IBITR (M,NU);

FFT UKl s :(a-1) s

K DIV ROUND(EXP (NU1 * LN

INTEGER) ;

(2)));
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ARG := 6.283185*%P/N;
C := COS (ARG) ;
S := SIN (ARG) ;

TREAL := XREAL[K+N2]*C+XIMAGL[K+N21%*S;
TIMAG := XIMAGLK+N2]*C-XREAL[K+N21*S:
XREAL[K+N2] := XREAL[KJ]-TREAL;
XIMAGIK+N2] := XIMAGL[K]-TIMAG;
XREAL[K] := XREAL[KIJ]+TREAL;
XIMAGLK] := XIMAGIKI]+TIMAG;
K = K+1
END;
K := K+N2;
IF K<N THEN GOTO LBL;
K := 0;
NU1 := NU1-1;
N2 := N2 DIV 2
END;
FOR K := 0 TO N-1 DO
BEGIN
I := IBITR (K,NU);
IF I>K THEN
BEGIN
TREAL := XREALL[K];
TIMAG := XIMAGLK];
XREAL[K] := XREALI[I1];
XIMAGIK] := XIMAGLI];
XREAL[I] := TREAL;
XIMAGL 1] := TIMAG
END
END
END; {FFT}

SISl S aalst (12 =¥)
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S0 s |y S w8 oS (galad
A-1
Xy =D xmW, 0Lk <N-1
i)

_ il
Wy = (F-YY)

s V=2 amg 5y N=4 8108 Ol b Sope w LK s N pslis S ol gllas
S D) e sl 2 Olse e N skl s

k =(kk,)=00,01,10,11 L k=0,1,2,3

n=(nn,)=00,0110,11 L n=0,1,2,3

n=2n+n, k =2k, +k, (f-YY)
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losl Sy S Jals, S 5Ll ) Lo slie A0l o M5 Ny 5 K 5 Ky &S 6550k«

Wb 3 e 4

1 1
X (M 05) = D0 D % (ky kW et 1)

ko=0 k=0
Las O e Jool=y 0 (YY=¥) gabaty 55 (D) ) g Jeols G S s 3 L

LS okl K e 1 6 b slacs gdea U sl sl

w” 6;154)}'5‘5 -F-ry-y
W =WAWP s e sWP & jle w0 0 4]
W (2ng+ng)(2ky+kp) =W (2r11+no)2k1W (2n+ng)k

_ M ank, }N 2ngka\ (210 )kg (£-Y0)
-W 2n0k1W (2n+ng)ko

e < g -

by US4 (YY) abaly 018 e ol s

1[4
X(n,ny) = Z {Z X (K;, Ko )W 27 }W (20 +0)ko

ko=0| k=0
L Lac«?d—wl;— S a Ol O (gl kS e S FRT p—’:’.)}ij‘ bl cadaly ol
S il b Sy s e ol il S e s e L ()

1
Xl(no’ ko) = Z XO(kl’ ko)W 2 (f-YA)
k=0

g Ol o DYslas oK R L (YA-¥) ol &) (gadait
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%,(0,0) = X,(0,0) + X, (L, 0)W °
%.(0,2) = %,(0,1) + X, (LYW °
x.(1,0) = %, (0,0) + X, (L, O)W 2

% (L,2) = %,(0,2) + X, (LYW ?

x(©0,0] [1 0 W° 0O
xO0)| (01 0 W°
x(L0)| [1 0 W? 0
x (L,1) 01 0 WwW?

%(0.0)
%(0.1)
%(L0)
% (L)
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(F-Y4)

oS e 53U g e S ) B8 s, ST

(f-Y+)

S 3 8 el (NVY) alaly Jole e Sle Olan ooy 5le (salaily ol 45 53 0 4 %0

L OV-F) adaly s D ity gl g K i bl S e (F20)

W\jsbujm@mq\.r)u»w“uCpgmé\ﬂ@\yuw;ugwmsww
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1
X, (nO’ nl) = Z Xi(nO’ ko)W (@nrnol

k=0

X,(0,00] [1 W° 0 O
01| |1 w2 0 0
X@L0)| |0 0 1 W!
@) | [0 0 1 W3

% (0,0)
x%(0,1)
x(1,0)
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sz 2 b 2o > Sless

(f-y\)

(f-YY)
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AL e ANY daly Olea dail, ol &S
(YV=F) glaaaly 31 .S oo aseie | (Y-F) Jle fole o 5lo paess o )l D0 cpl o
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X(n,ny) =%,(ny,n,) (f-¥Y)
g b bt D 53 g 035 esSee 31 4S el % (Mg 1y) AT et (e ol &S
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1
Xl(nO’ ko) = z XO(kl’ ko)W 2l

k=0

1
X, (Mg, ) = D % (N, ko )W ot (f-YF)

k0
Xy, ng) = %, (g, 1)
Ans o L FFT oy S S = S o 0505 5 SVlas ol g sams
-f..))k;" Cows e N=8 sl 1) (S5 - S O¥slee g Jle
oS o JUs 8L S il s N =20l (S5 = JS FFT 0500 8 0
n=4n,+2n +n, n, =0orl
k =4k, + 2k, +k, k; =0orl

Bad o oo s ATY il

1

1 1
X (nz, n, no) = Z Z{Z}) X, (kz’ kl’ ko)}N (4ny+2n,+ng )(4k, +2ks +Kp) (vs)

ko=l k=0 k,=

feosl o WP 5L

W (4N, +2n,+ng ) (4K, +2k +Kg) =W (4n,+2n,+ng )(4k2)VV (4n, +2n1+n0)(2k1)\N (4n,+2n+ng)(kg) (\C—VV )
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s 5o WO =[ @70 [ =1 iyl bl 4 S 23
W(4n2+2n1+n0)(4k2) — (\/\IB(nzszrnO))(\/\/8(nlk2))w4n0k2 :W4n0k2
W (4 2en)2he) . (7 8(0ake) Y Ay 82k ) gy G )(2k) (f-YA)

35 o3l 1y (FP=F) (gadaily Ol 55 oo s 55 5

1 1 1
X (n2 1 nl, no) — Z Z{ XO (k2 ’ kl, ko):ivv (4n0k2)W (2n1+n0)2k1W (4n,+2n;+nq) ko (Y_qu)
0

Ko=1 ko=0| k;=

Xl(no,kl,ko):kzl;)xo(kz,kl,ko)W‘m"k2 (f-f+)

X,(Ny, N, K,) = i X, (Ny, Ky, ko )W rodke (f-¥V)
=0

X,(Ny, N, K,) = Zl: %, (Ny, Ky, ko )W o)l (F-¥Y)
=0

XNy, 1y, 1) = X5 (Mg, 1y, 1, ) (f-¥1)
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COMPUTATION ARRAYS

A ~, UNSCRAMBLED
-1 1=2 1=3 ARRAY
xglk) | x4 (K] x5(k) x(k)

— — — =0 X(0)

X(1)

—\— — /e X(2)

74
—/— -3 X(5)
ws X3(5) b
/

"0‘6"/ X3(6)
o —— X(7
xg (7l W xq(7) G R T e T e
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